Cel Preamble to Complex Algebra

Review of Functions of a real variable Polar: x=r.cosf, y=r.sinf
Circular (Trigonometric) functions Circle: x2+y2=p2
sinx: odd function sin(x) = - sin(-x) cosx: even function cos(x) = cos(-x)
Rotational symmetry (about origin) Reflectional symmetry (about y axis)
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Properties: sin2x + cos2x = 1; sin2x = 2.sinx.cosx; cos2x = cos2x - sin2x;
sin(x + y) = sinx.cosy + cosx.siny; cos(x + y) = (cosx.cosy - sinx.siny); etc. ...
sinx and cosx are both periodic functions (period 2m).
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Ce2 Exponential & Hyperbolic Functions

Non-periodic functions Parametric: x =r.cosh@, y = r.sinh@
-n4 Hyperbole: x2-y2=r?

eX

coshx = %(e" + e‘x)

(even function)

ex =cosh x + sinh x

SinhX:%(eX—e"X) _'B' cosh2x -sinh2x =1

(odd function)




Ce3 tan(x) and tanh(x)

sinXx sinh x
tanx = —— (odd function) tanhx =
COSX cosh x

(odd function)
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2tanx
tan2x = 2tanh x
( — 2) tamZX:(——————j
tanx is a periodic function (period ) tanh x is a non-periodic function

Ced Complex Algebra - History

Notation: z=a+jb where j2=-1 (alternativ e: i used instead of j)
Cardano (1545) - dismissed complex numbers as “subtle as they are useless”
Bombelli (1572) - “. .. sophistry rather than truth”
Leibniz (1702) - “that amphibian between existence and nonexistence”
1770: the situation was still s ufficiently confused for so great a mathematician
as Euler to mistakenly argue: N-24-3=16 which of course is wrong !!!

The situation was clarified at the  end of the eighteenth  century with:
Wessel, Argand , Gauss: iy
geometric interpr etaton ——» Complex Plane

Argand diagram 43 z=4+3]

Complex analysis flourished 1814 - 1851
Cauchy, Riemann, . ..
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Ce5 Geometric Operations

Addition and multiplication of The Complex .

complex numbers can now be Plane, C 134

given definite meanings as

geometric operations: 3 4+ 3
A

Sum A+B

-7 +j
Parallelogram rule of ordinary
vector addition:

A+B

-2 -3

A

o
Product AB (much less obvious)

Length of AB is the product of the
lengths of A and B

Angle of AB is the sum of the
angles of A and B

Ce6 Motivation for Complex Numbers

Motivation for complex numbers - .
was NOT the solution of quadratic: y = two real
n solutions
x> =mx +c :
.
1 o 5
X:E[mi " +4C] / LN IR RN
. 43 e lut ion”
discriminant d =m? +4c 1 d>0 o] TOSOn
E
-0
Motivation WAS cubic: x° = 3px +2q Ly d<0 '
Cardano showed: . y= 304
/ / three real
x=3 q+\/q2 —p3 +%q —\;“qz —p3 ’ solutions
Bombelli considered: x* =15x +4
4 & = 3 o 1 z i 4
giving solution x=4 2
But: (with p=5and g=2) ; gn:|y-2x+1
R R o one real
X=3{/2+jll +3/2-j11 y=x3 ~ solution




Ce7 Algebraic Rules

Using plausible algebraic rules for  addition and multiplicati on of complex
numbers, we can show: (2+j)P=2+j11

eg.by (2+])° =(2+))(2° +4j +j?) =(2 +))3 +4]) =(6 1] %) =2 41]

Hence, x=3/2+j11+3/2-j11 =(2 +j) +2 -j) =4

Rules:

Addition: (X1+ jy1)+(X2 +jYz) :(X1 +Xz)+ j(yl +y2)

Multiplication: (x1 + jyl)(x2 + jyz) = (xlx2 - ylyz) + j(xly2 + xzyl)

Polar no.tation: X = rcos 6, y.: .rsin 6 imag.inary Yor=pg= z=x+jy=r00

Z=x+jy=rd6 r(cos6+ jsinf) axis modulus of z

2,42, =04 +3) +j(¥; +Y,) L:a,g(z)} y=1m(2)

zz,=(r06,)(r,06,) =rr,0(6+ 6,) s R red axis

=106 4nF 0O 27 G=06 \z*:x—jy:rmée)
(e 2mF U @0 47 complex conjugate

Ce8  Properties of Complex Numbers

Im(z), _.
Re(2)’

Defining%by%%zl,itfollowsthat%zﬁz%ﬂ(- 6); 0# r(cosP jsinb);

ROp_Rg 1 _ x=jy  _x-jy __ X y

rd@ r ¢ o x+jy_(x+jy)(x—jy)_x2+y2_x2+y2_Jx2+y2;

Re(2) =3[z+Z]; Im(2) =4[2-Z]; 2 =% +; tanfarg(2)] = =z,

CL I s o
(z+2) =7 +7Z; (22) =@)@); ég =le;; Triangle inequdity |z +2,| <z +[z,]

Generalised triangle inequality [z, +z, +... +z,| <|z] +[z,| +... +z,

When does equality hold?

Product computations: (1+j)* = —4; (L+j)° =-2°(1 +j); (1 +jv3)® =2%

@+jv3)° _ . @+))° _

Al - AL 7 =
a-n (v3+]))

Division computations: —\20¢ m™p);




Ce9 Euler’s Formula

Complex number: z=r06 r(cosé+ jsin6)

Euler'sformula:  cos@+ jsing =¢'’ miraculous !!!
Now we can write: z=re'’

Also, the geo metric rule for mult iplying com plex numbers
now looks almost obvious: (Rej"’)(re"’) = Rre/®9

An immediate consequence of the above is De Moivre’s theorem:
(cosf + jsin®)" =cosnf+ jsinn@
. ig\n ;
since (e’e) ="

and more generally, z"= (re"“’)n =r"e" =r"(cosn@ +jsinn6)

cet1o  Trig. derivation of De Moivre

Recall cos(A+ B) =cosAcosBFsinAsinB
and sin(Ax B) =sinAcosB £ cosAsinB
In particular, c0s26 =cos’0-sin”*@;, and sin26 =2sin Hcos &
Expanding (cos8 + jsing)?
(cosO + jsinB)® =cos” O +2jsinBcos B +j’sin® 6
=c0s’ 0 -sin” @ + j2sinBcos O
=c0s260 +jsin20
The case for general power n is easily established using proof by induction:
viz. assuming (cos@ + jsinf)™ =cosmf +jsinmé
(cosB + jsin®)™* =(cosmB + jsinmé)(cosO+jsin 9
=[cosm@cosf —sinmfsin 6 + j(sinm@cos 8 +cosm 6sin §]
=cos(m+1)0 +jsin(m +1)0




Cell Power Series argument

Euler'sformula: € =cosf +jsing

We suppose we can express e as a power series:

2 3 r
X

e =g, +ax +a,x> +.. =1 +x oty Rt

[try differentiating to justify this expression for €*].

i 02 i n\3 2 3
Hence, €°=1+j60 +M+@+_“ =1+j6 _9 _ji +

2 3 2 3
Spiralling series for e 9 but it is not clear that it (j@)z/
converges to a point on unit  circle at angle 8. 2

Split spiral into real and imaginary parts:

&7 =C(6) +jS(6)

.0 _g 8 O _

where C(6) =1 2!+4]. ., 96) =6 3 +5!
even function odd function

Cel2 Sine and Cosine

4 2jsing
e’ =cosf +jsin@ J

€% =cosf - jsind
Hence, 2cosO =¢'? +¢71¢

and 2jsinf@=¢e?-¢e7f

O cos@ (% %) and sing=4(e? -e7?)

Recall that for real valued x, hyperbolic functions

coshxz%(e" +e‘X) and sinhxz%(e" —e‘X) 2cos6

These results give a hint of aremar kable relati onship between the trigonometric
and hyperbolic functions of complex numbers (see later).




Ce13 Fundamental Theorem of Algebra

The polynomial equation: z"+a,_,z"" +..+az+a, =0
invariable z hasexactly n complex number roots: z,z,,...,2,
(although some of these roots may be repeated),

when the coefficients a,_;,a,_,,...,&,8, arecomplex numbers.

When the coefficients a,_;,a,_,,...,&,8, arerea numbers,

then the polynomial equation: z"+a _,z"" +... +az +a, =0

invariable z also hasn roots: z,z,,...,z, (again some may be repested)
which may be real or complex numbers; and any such complex number roots
always occur in complex conjugate pairs,

sothatif x+ jy isaroot, thensoalsois x — jy.

Notethat if n isodd, thenthereisat |least onereal root.

Cel4 Application to Trigonometry

Useful Trigonom etric relations arise directly from the

Complex mul tipli cation rule:

Let C=cosf, S=snf, c=cos@y sS=shg
We can view both cos(8+¢) and sin(6+ ¢ ascomponentsof ¥
cos(@+ @) +jsin(8+ ¢ =€®? =%’ =(C +|S)(c +j9)
=(Cc—-) +j(S +Cs)

Hence, cos(@+¢) =Cc—-Ss, adso sin(f+ ¢ =Sc+Cs
cos30 + jsin30 =€'* =(%)® =(C +}9)°® =C® +3C?|S +3Cj*S” +j°S°

=C®+3C?jS-3CS" -jS’ =(C*® -3CS’) +j(3C?S -S)
Using C*+S* =1 we have
cos39 = C* -3CS” =C® -3C(1-C?) =4C® -3C =4co0s’8 —3cosd
§n39=3C%S-S =31 -F)S - =35 -4S° =3sn6 —4sn* 0




Cels Applications

Also, since 2cos@ =¢e'? +e71°

2'cos' 0= (e +e7%)" = (e +e7%°%) +4(e*° +e7%%) +6
= 2c0s40 +8cos26 +6

O cos'@ %[cos48 4cos26 3

Other Applications:

Geometry
Calculus e.g. findi ng the nth der ivative of e @sinbx I&
i - . x"-1
Algebra e.g. evaluation of integrals such as:
Vectorial operations: e.g. ab=aeb+ j(@axb) intheComplex plane
Alternating currents in Electrical Networks
Stability in Control
Eigenvalues of matrices

Solution of differential equations

Cel6 Principal value of argument

The notation z=r08 isnow completely superceded by =z re'®

So z=re/’ =r(cosf +jsinf) with |7 =r and arg(z) =6

But arg(z) =8 isonly unigue up to multiples of 277, so more generally,
z=r[cos(0 +2km) + jsin( B+ 2k ] = re @7, k=0,12,...

This more general representation is very important when considering roots.
When the angleliesin theinterval (-1, 1§ correspondingto k=0

it iscalled the Principal value of argument z, 6 = Arg(2), —m<Arg(2) <1

Principal value example: i 7=1+]
z=1+] =2 =2[cos(%) +jsin(%)]
l4=/2; arg(z)=77:12krr, k=012,.. 1
TT,
Arg(2) :77: (the principal value) Fa




Cel? Roots of Complex Numbers

Let z=re'’ and w=Re” Supposethat z=w"

Thereare n distinct values (roots) of w, asfollows:
(6+2km)

w=z =red@® =nfre " =tr[cos®X 4 gnltka,
sothat R=%r and (ngi&, for k=0,1...,.n -1
n_ n

Example:

2= 216 +[2.2 =426/ I =4,/2¢!(")

W =z=42¢ 2 k=012,
w=8z=8/4/26%) = 2el#) K =01,2,34
W= R= 12, =argw) = £, 5.3 475"

Principal values, Arg(w) = =22 11 51 L 2

Cel8 nth roots of unity

@ nth roots of zz The n values of \w =1/z lie on acircle of radius  \r
with centre at the origin and constitute the vertices of an n-sided regular
polygon; the value with k=0 is called the principal value.

@ nth roots of unity: N1 = COSZk" + sinZk", k=01..n-1
n n

Let w denotetheroot of V1 with k=1
Thenthenvauesare: 1 w, «, ..., J°

y y y

X X X

Similarly, if w, isany n" root of an arbitrary z, thenthenvauesof 'z are:

W, W, W,«’,...,w, o sincemultiplyingby o correspondsto increasing the argument by %T




cel9 Functions of complex numbers

z=x+jy=re’ Let w="f(2) =Re/’
e ="V =¢g’e” sothat R=¢e* and @ =Arg(w) =y
l€”| =[cosy +jsiny| = /cos’y +sin’y =1 sothat

eZ

=¢e" and arg(e’) =yzx2km, k=0,12,..

Trig functions, for real x cosx =4(e” +e™), sinx =4 (e” -e™)

Define cosz=3(e” +e7”), sinz=4(e” —e™?), tanz :Sin%osz etc.
Solution of equations: cosz=5, cosz=1(e” +e%) =5 O &% e'= 10
(€7)" -10e” +1=0 (quadratic) O €= 2= 5 24= 9,899, 0.101
Now e = " =gVe* =e¥(cosx +jsinx); e” =9.899, 0.101; e* =1
y=12.292; x =2k, sothat z=#2km+2.292j, k =0,1,2,...

Ce20 Periodicity of exp z

® Particular cases:
i
2

LTT
; I . ; ] . _i
=1 e?=j; &"=-1 e 2=-j;, e =1L

® Modulus and argument:

€| =|cosy +jsiny| = /cos’y +sin’y =1

Hence, |€°

=e* and arge’=y+2nm, n=0,12,...

Yy A

Notethat: € #0 forall z
Periodicity of € with period 273
sothat: €*?"=¢* fordl z

\4

2
Hence, for w=¢€*, —-m<y<m -

Fundamental region of exp z




ce21 Properties of Trigonometric Functions

e Properties: cosz = cosxcoshy — jsinxsinh y[jperiodic with
sinz=sinxcoshy + jcosxsinhyj period 2rir
lcosZ® = cos® x +sinh?y

lsinz> =sin*x +sinh?y

Also tanz, cotz are periodic with period 1t

e Modulus:
Note: |sinZ, [cosz — o as y — o, whereas |sinx], [cosx| <1

e Addition rules:
cos(z, + z,) = C0SZ, C0SZ, ¥ SNz sinz,
sin(z, + z,) =sinz cosz, +sinz, cosz

Also, cos’z+sin’z=1

Ce22 Hyperbolic Functions

@ Definitions:

coshz=%(e* +e€*), sinhz=1(e* —-e™*)

tanhz:m, coth :C_OShZ, sechz = 1 , cschz =— .
coshz sinhz coshz sinhz

o Properties:
coshjz=cosz, sinhjz=jsinz
and, since cosh iseven i.e. cosh(z) = cosh(-2)
and sinh isodd i.e. sinh(z) = —sinh(-2)

we have,
cosjz=coshz, sinjz=jsinhz




Ce23 Logarithm

o Definition:

natural logarithm of z=x + jy denoted In z (or log z)
is defined as the inverse of the exponential function.

w=lnz, z#0, definedby e“ =z
Set w=u+jv, and z=re
0 et et gk gl eV
whence, €' =r, v=0, sothat:

In z is infinitely
Inz=Inr +j6, (r =|4 >0, 6 =argz) many valued

e Principal value:
Lnz=1In|Z + jArgz, z#0

where, Argz isthe principal value of the argument of z
then, Inz=Lnzx2nrg, n=0,1 2, ...

Ce24 General Powers

o Properties of logarithm:
In(zz,) =Inz +Inz,; In%%z Inz, —Inz,.

enz = zZ |r](EEZ) =zx j 2nmr, n=0,12,..

o General Powers:

Z* =€, (c complex, z#0), multi —vaued

cLnz

Principal valueof z° =¢

c=n=..-2-1,+1+2,... 2" issingle —valued

czl, n=2,3,.. z° =%z n distinct values
n

czg, quotient of + veintegers, similar

otherwise, z° infintely — many valued




